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Local instability of wave packets is related to an exponential increase of the second moments
of the components 4P;2 and A4Q;2 of the momentum and position operator as a function of the
expectation values (P;> and {@;>. Equations of motion for 4P;2 and 4Q;2 are derived. In the
quasiclassical limit, the instability criterion approaches the Toda-Brumer criterion [1, 2] for

classical trajectories.

Local instabilities for trajectories in classical
n-dimensional dynamical systems can be related to
the existence of an exponential time-dependence of
the distance

d(t)__‘— (dl;dZ:---,d2n)
— (ql—QI’,---,Qn—in:pl—pll,~-->pn‘“pnl)

of two initially adjacent trajectories a =(q1,...,Px)
and @' =(q1',...,pn’) in phase space {g:, pi} [1, 2].
Following Toda [1] and Brumer [2] the onset of
local instability as a function of the total energy K
can be obtained from the requirement that the ma-
trix (Vi) =(02V[0q;0q;) has at least one negative
eigenvalue 4;=14;(q1....,qn) in those phase space
regions which can be reached by a trajectory on an
energy shell H(p, q) = H(a) = E. Here

H=131p?+ Via)
|4

is the Hamiltonian of the dynamical system in mass-
weighted coordinates, and the potential energy is
V=7VI(q,-..,qn), which may contain higher than
second order terms. This condition for local insta-
bility is often cited as the Toda-Brumer criterion.
If, for example, there is only one eigenvalue 1; <0
for a given energy, the time dependence of the dif-
ference |d (t) | of two adjacent trajectories is approxi-
mately |d(t)| ~ A|d(0)|exp[(— 4;)1/2t] or, for the
quadratic distance

d2(t) ~ A2d2(0) exp[2(— Aj)V/2t]. (1)

The Toda-Brumer criterion is not a sufficient con-
dition to predict global instabilities, i.e. to predict
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a transition from non-ergodic (regular) motion of
trajectories to ergodic (non-regular) motion as a
function of energy. This has recently been demon-
strated by Benettin, Brambilla, and Galgani [3].
However, the criterion can be successfully used to
study qualitative trends about ergodicity. The pre-
diction of the onset energy for ergodic motion in
a chain of a large number of particles with third-
order anharmonicities is a good example of this
application [4]. Moreover, the criterion was incor-
porated in theoretical concepts [3, 5] as a starting
point toward a global criterion for the determina-
tion of the critical energy E. for the onset of sto-
chastical motion in classical non-linear systems.

In contrast to the situation with classical motion,
the concept of trajectories is lacking in quantum
mechanics [6]. Most of the work on quantum ergo-
dicity has involved investigation of the transition
from regular to irregular quantum states [8—12].
The concept of local and global states in quantum
number space of Nordholm and Rice [11], which
was generalized by Stratt, Handy, and Miller [12],
represents a special formulation of a global criterion
to obtain E. in quantum vibrational systems.

In this paper the concept of trajectories is car-
ried over into quantum mechanics in a straight-
forward manner. If we assume that the dynamical
state of the system is described by some kind of
time-dependent wave function (g, t), an obvious
definition of a quantum trajectory is

a(t) == (<él>- RS <qAn>,- <131>9 et <Ijﬂ>)
— (e T Y1 s Yn) 2)

where the §; and $;=(—10/0¢;) are the position
and momentum operator respectively. The bracket
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{...> denotes an expectation value (0> = {y|0|p),
and one has (§;) =x;(t) and {p;> =y;(t). How can
one now obtain the difference d of adjacent quan-
tum trajectories, and what is the form of the dy-
namic equation for that quantity ? Instead of the
classical square difference

=2 {@—a)2+ @

i — i)}
we introduce the operator
2= {ldj— D)+ B — B} (3)
2

as a natural generalization of the classical picture.
As a conjecture we identified the classical square
distance d2 with the expectation value of A2 in the
quantum treatment.

a2 = (42
=2 {> — dp? + B> — <Bp?)
A
=2 (A4 + App). (4)
7

Thus, d2 is the sum of the mean square deviations
of the position and momentum components. In this
picture, local instability of the quantum trajectory
a(t) is obtained if the spread of the wave packet
(g, t) grows exponentially at least in one direction
in coordinate space. The time dependence of d2 can
be evaluated using standard operator techniques

[13]. We first expand the potential energy V (g) in
a Taylor series about x = (z1, ..., ), giving
V(@) ="V +(q— x)TVV( x)
+@—HTAG— )2+

Here A is a symmetric real matrix with components
Ajx = Agj = (32V[dx; dxp) and (@ —x)T is a row
vector with components of the column vector
(g —x). As in the corresponding classical case
[1, 2, 5], one can always find a unitary transforma-
tion U which brings A into the diagonal form A,
with Ajr = 4;0;; and real eigenvalues 1; which in-
dicate the curvature along local “normal’ coordi-
nates @Q;.

A=UAU1=UAUT. (5)
The local coordinates are defined as

Q@-X%=
X = (@, .-

U(q —x), with
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The potential energy now has the form
V(Q) = V(X) + Z oV [eX;) (@5 — X;)
222; — X2+ éZ%j(azj/er)
: (Q; — X3)2(Qx — Xi) . (6)

The general form of the kinetic energy is invariant
under the transformation U; i.e

2T = — 3 a2joQe =y Pp

with P; = —10/0Q);.

The dynamical equations for 4Q;2 and AP; (the
mean square deviations along the local normal co-
ordinates) can now be evaluated. The equation of
motion for AQ;? is

c 2 i<10.2, A ) 2
g 47 = - HD — - X5
= Qs P}y — 2@ <Py, (7)

where [Q;, P;] is the anticommutator §; P; -+ P;Q;,
and standard operator and commutator relations
apply for an operator 4 [13]

[Py, A1 = —i04/0Q;, [Q;, A]=1i04/aPy;
id(Ay/dt = ([4, Ay +i¢od/at .

For the second derivative onc obtains, after some
routine steps

dtg + 407 = 2P 2<QI 0

—2(Pp2+ 2<Q;>< >

For AP;2 one has

d ov
WA= <[Pj’ ‘Q;J+>

+2¢Pp{ 3 > ©)

which, after differentiation, yields

oD 5]
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One can now use the expansion of (6) to simplify
the expressions (8) and (10). Retaining only terms
up to the third order in the Qi and Py.. one finally
obtains, from (8)

d,oAQ; = 2{4P2 — 7;4Q*} (11)
0A ~ ~
=3 ax, (0 —X) @ — X0 + -+

Equation (10) gives
d2
qz AP = = 24(AP2 — 7;4Q5%)

+ 22’&{* {(Pp @k — Xi) P>

— (Py(Qr — Xx) Pr) (12)

+ Q5 — X)) (Qr — Xp)2} + -+

These two equations provide the basis for a dis-
cussion of the possible onset of instability of the
quantum trajectories in relation to the time-depen-
dence of d2 Eq. (4), or of the equivalent expression

D2 =3 (4Q + APp2).
7

However, a complete solution of the system of
Eqgs. (11—12) is a more complicated problem than
is the equivalent problem in classical mechanics.
We will, therefore, discuss only some general prop-
erties of this system.

In the quasi-classical limit, one can assume that
the potential energy is a smooth function of the
coordinates over the extension of the wave packet;
i.e., the potential can be well approximated as a
piece-wise quadratic function. This approximation
implies that the inhomogeneities in Eqs. (11—12)
can be neglected to yield the quasi-classical equa-
tions

2

d2
a % ar A9

= —21(AP2 — 2;4Q42).

AP — —
(13)

Since the eigenvalues ; are still functions of time
as a consequence of the time-dependence of the
{Qs> = X;(t), Eq. (13) represents a homogeneous
system of two linear differential equations with
non-constant coefficients which can be solved by
standard techniques if the time-dependence of the
2 is explicitly known. As in the corresponding clas-
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sical treatment [1, 2], the solution of Egs. (13) can
be substantially simplified if the time dependence of
the A; is smooth, i.e., if these quantities can be
assumed to be constant in the time intervals of
interest. In this case, there is a simple relation be-
tween AQ;2 and AP;2: AP2=—);4Q2+ A+ Bt
with some constants 4 and B. One then obtains
directly from Eq. (3)

AQR + AP = (1 — 25) {Cx exp[2i Ay1/21]
+ O exp[— 201200} + L(y, 1) (14)

where L(4;,t) is some linear function of time. If
there is only one value 4;<<0, the corresponding
term (1 + |4;]) C-exp[2|;|V/2t] may induce ex-
ponential instability of D2. That is to say, the local
stability criterion of a quantum trajectory in the
quasi-classical limit is just the Toda-Brumer crite-
rion [1, 2]. This result retrospectively justifies the
conjecture made above.

If the quasi-classical description of the motion
of quantum trajectory is only a very poor approxi-
mation, the inhomogeneities of Egs. (13) can no
longer be ignored. These terms explicitly contain
the non-linear parts of the dynamical system which
cause an exchange motion between the different
degrees of freedom. For k=7, the terms 04;/0X} -

(@ — Xy)®, and
0;/0X; {<Pj><(Qj — Xy) PJ>
— (Py(Q; — X)) Py}

represent some anharmonic forces for the widths of
AQ;2 and AP;? along the local ‘“normal” coordi-
nate @;, but they do not couple the quasi-classical
Equations (13). For k ==, these inhomogeneities can
be interpreted as forces for the motion of 4P;2 and
AQ;? “towards stochasticity” since they cause other
degrees of freedom to influence the motion along Q;.
For separable systems, for which @; represent also
global coordinates, these latter forces vanish, i.e.,
the spread independently in time and no “‘ergodic
behaviour” (however this will be defined) is to be
expected. One can conjecture that the inhomoge-
neities of Eqs. (11—12) are at least as important
for the onset of instability as a function of energy
as is the occurrence of eigenvalues 1; <O0.

The onset of local instability of D can possibly
be used to study the transition between ergodic and
nonergodic behaviour of wave packets if one applies
some kind of ensemble averaging in the energy shell
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(H) = E with suitable wave functions instead of
time averaging. This has recently been demonstrat-
ed by Haensel [5] for the classical case.
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